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ABSTRACT
Many animals and plants have sex chromosomes that recombine over much of their length. Here we
develop coalescent models for neutral sites on these chromosomes. The emphasis is on expected
coalescence times (proportional to the expected amount of neutral genetic polymorphism), but we also
derive some results for linkage disequilibria between neutral sites. We analyze the standard neutral model,
a model with polymorphic Y chromosomes under balancing selection, and the invasion of a neo-Y
chromosome. The results may be useful for testing hypotheses regarding how new sex chromosomes

originate and how selection acts upon them.

TUDIES of sex chromosomes have revealed a
myriad of interesting evolutionary patterns. The
chromosome region responsible for sex determination
can shift frequently between different pairs of homol-
ogous chromosomes (BurL 1983; MANK et al. 2006).
Genes involved in isolation between species seem to be
unusually common on sex chromosomes (COYNE and
ORR 2004; SAETRE ef al. 2007; PRESGRAVES 2008). Sex
chromosomes also appear to be enriched with genes for
species-specific and secondary sexual traits [e.g., in
lepidoptera (PROWELL 1998), poeciliid fish (LINDHOLM
and BREDEN 2002), and plants (ScorTi and DELPH
2006) 1.

We want to understand patterns like these, both
because they hold clues about how sex chromosomes
evolve and because they provide a window into evolu-
tionary forces that may be important throughout the
genome. One approach is to use patterns of neutral
DNA polymorphism to make inferences. That strategy,
however, has limitations in groups like mammals and
Drosophila that have highly heteromorphic sex chro-
mosomes where the lack of recombination between X
and Y chromosomes makes it difficult to disentangle the
interactions of factors such as selection, drift, and
demography.

In other groups of animals and plants, however, sex
chromosomes recombine over much of their length
(OnNoO 1967; BuLL 1983). We can exploit that situation
to gain new tools to study the evolutionary forces acting
on sex chromosomes using DNA polymorphism. But
even in the simplest null model with no selection or
demographic effects, recombining sex chromosomes
challenge our intuition about what patterns of poly-
morphism to expect. Although the sex-determining
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region can be regarded as a single locus at which
X and Y alleles form a balanced polymorphism, the
classic coalescent theory for the effects of balanced
polymorphisms at linked sites (HupsoN and KarrLaN
1988) does not apply. That is because nonrandom
mating between the X and Y changes the effects of
recombination (for example, Y chromosomes cannot
exchange material directly), and recombination rates
typically differ between the sexes. Thus we lack basic
predictions for what patterns of DNA polymorphism to
expect under a neutral model, not to mention in more
evolutionarily complicated (and potentially interest-
ing) situations.

When sex chromosomes are heteromorphic, recom-
bination between them occurs in segments known as
pseudoautosomal regions. The models presented in this
article apply to those regions as well as to the recombin-
ing portions of homomorphic sex chromosomes. We
avoid the term “pseudoautosomal”, however, because
we are largely interested in regions of the sex chromo-
some that recombine but are tightly linked to the sex-
determining region. These segments follow hereditary
rules that are neither strictly autosomal nor strictly sex
linked.

Here we develop some basic results for patterns of
neutral genetic variation expected on recombining sex
chromosomes. We begin with the standard neutral
model (SNM) in which there is no selection and the
population is at demographic equilibrium. We then go
on to explore two biological scenarios suggested by
empirical studies. In the first, multiple Y chromosome
types are maintained by balancing selection. This
model is inspired by species of poecilliid fish (guppies,
platyfish, and swordtails) that have striking polymor-
phisms in male size that are coded by genes in the sex-
determining region of the Y chromosome (LINDHOLM
and BREDEN 2002; TRIpATHI ¢t al. 2009). We then study
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the consequences of the invasion of a neo-Y chromo-
some that converts an ancestral pair of autosomes into
sex chromosomes. This model is motivated by the nu-
merous species of plants (see MING and Moore 2007;
BERNASCONTI et al. 2009) and animals (see PEICHEL et al.
2004; MANK et al. 2006; CNAANT et al. 2008; MCALLISTER
et al. 2008; TAKEHANA et al. 2008; KiTANO et al. 2009; SER
et al. 2010) in which sex chromosomes have been re-
cently derived from autosomes (see also vAN DOORN
and KIRKPATRICK 2007).

The emphasis of this article is on finding expected
coalescence times. These are proportional to the amount
of neutral genetic variation that is expected to accumu-
late under mutation and drift. We also present results
for expected patterns of linkage disequilibria. Together
our findings provide a foundation for statistical tests
of alternative hypotheses for the evolution of sex
chromosomes.

MODELS

The key feature of sex chromosomes is their sex-
determining region (SDR). For our purposes, the SDR
is regarded as a single locus, although biologically it may
be composed of multiple coding regions that do not
recombine. In this article we assume XY sex determina-
tion (male heterogamety), but all results also apply ex-
actly to ZW sex determination (female heterogamety) if
the names of the sexes are reversed, the Y chromosome
is replaced by the W, and the X chromosome is replaced
by the Z.

Modeling sex-linked inheritance involves complica-
tions not present with autosomal inheritance, and to
accommodate those we introduce some vocabulary. A
site is a selectively neutral nucleotide position or larger
nonrecombining region. Sites are denoted by lowercase
italic letters. The sex-determining region is denoted s.
A site can appear in different contexts, which are de-
termined by the genotype that the site is linked to (for
example, an X or a Y allele at the SDR). A site in a
particular context is called a position. These are denoted
by subscripting the site with a list of the information
relevant to the context. Thus ix is the position corre-
sponding to site zon X chromosomes. Positions are also
written more compactly using single lowercase double-
struck letters, for example, i = ix. A gene refers to the
DNA at a site that is ancestral to the original sample.
Genes remain at the same site but change contexts as a
result of recombination. A carrier is a chromosome that
carries ancestral material, which is to say one or more
genes. A carrier is fully described by a list of the positions
it carries; for example, {ix, jx} represents a carrier that is
an X chromosome with genes (ancestral material) at
sites 7 and j. At any point in the past, the state of all
the DNA ancestral to a sample taken at the present time
can described by a list of carriers. For example, we write
{{ix, jxJ, {jy}} for a state in which one carrier is an X

chromosome with ancestral material at sites 7 and jand
a second carrier is a Y chromosome with ancestral
material only at site j. States are abbreviated by italic
uppercase letters; e.g., S = {{ix, jx}, {/v}}. Frequencies of
genotypes are denoted as p subscripted by the relevant
alleles; e.g., px denotes the frequency of all sex chromo-
somes that are X at the SDR.

Our analyses use a genealogical, or retrospective,
approach based on the classic Kingman model of co-
alescence (reviewed by HEIN e/ al. 2005 and WAKELEY
2009). The point of departure is the “standard neutral
model”, modified to allow for the transmission rules of
recombining sex chromosomes. There is no selection,
and the population is at a demographic equilibrium
with a population size N. In classical forward-sense
population genetics, the model is an approximation to
the standard Wright-Fisher model of random genetic
drift. A key assumption imposed by our coalescent
model is that the number of chromosomes in the
smallest class of chromosomes that can share a common
parent (e.g., Y chromosomes) is much larger than one.

Time is measured in units of 2N generations relative
to the present. We use the term forward recombination rate,
denoted by 1 to refer to per-generation recombination
rates measured in the standard genetic sense. We use
backward recombination rate, denoted by p, for a recombi-
nation rate that has been rescaled to coalescent time
units using p = 4Nr.

Our main emphasis in this article is on expected
coalescence times. For these, it suffices to study the
coalescent process starting from a sample of just two
carriers. APPENDIX A lays out the general results from the
basic coalescence theory that we need to calculate
expected coalescence times. The sections below adapt
those results to specific settings. We also present results
regarding linkage disequilibria, and the basic calcula-
tions for them are presented in APPENDIX B.

The calculations typically involve a large number
of terms. We wrote code in Mathematica (WOLFRAM
ReseAarcH 2008) to automate the analytic calculations,
and that code is available from the authors on request.

We used stochastic simulations of the coalescent pro-
cess to check the analytic results and find results for
quantities that we could not calculate analytically. The
simulation generates the ancestral recombination graph
(GrirFrTHS and MARJORAM 1996) for one or more
chromosome regions linked to the SDR. That graph is
then used to determine the coalescence time at the
site(s) of interest. Simulation results shown below for
expected coalescence times are based on 10° inde-
pendent runs for each point shown. Those for linkage
disequilibria are based on 10” runs. The simulation code,
written in C++, is available from the authors on request.

The standard neutral model for recombining sex
chromosomes: Consider the evolution of neutral site ¢
on a recombining sex chromosome evolving under the
standard neutral model. There are only two positions in
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F1GURE 1.—Schematic of the states for the standard neutral
model. Transitions marked “7” result from recombination,
and those marked “¢” result from coalescence.

X

this model, ix and & The system has three transient
states and two absorbing states:

S] = {{iX}a {iX}}v
S3 = {{ZY}7 {ZY}}a

So = {{ix}, {ix}},
Ar={{ix}}, A= {{iv}}

The states and the transitions between them are shown
schematically in Figure 1.

Transitions between the transient states result from
recombination. The forward recombination rate be-
tween 7 and the SDR is 7! in males. Recombination in
females is not relevant in this model because it simply
moves genes between different X chromosomes. Using
p = 4Nr? for the backward recombination rate, the
nonzero transition rates between the transient states are
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These values can be understood as follows. The rate at
which a gene carried on an X recombines onto a Y is
one-third of the rate that a gene recombines from a' Y
onto an X. Thatis because a gene carried on an X occurs
together with a Y and so has the opportunity to re-
combine onto that chromosome in one generation of
three. The other factor involved in the transition rates is
the number of genes available to recombine: the value
of P, _., is twice that of Pg,_. s because $; has twice as
many X-linked genes available to recombine as does Ss.

Transition rates from transient to absorbing states
result from coalescence. The nonzero rates are
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F1GURrE 2.—Expected coalescence times under the standard
neutral model. The sex-determining region is at the left at
p = 0. The dashed line shows the expectation for autosomal
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sites. The curves are from Equations 1, and the points show
simulation results based on 10° runs each.

Pg, - 4, :%, Pg, 4, = 4.
These two values reflect the effective population sizes of
X and Y chromosomes relative to autosomes.

The expected coalescence times can be calculated by
evaluating Equation A5 from APPENDIX A, using these
transition rates. There are three times, corresponding
to the cases in which both genes are sampled from X
chromosomes, where one is sampled from an X and the
other from aY, and where both genes are sampled from

Y chromosomes:
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Figure 2 shows these results. In this and subsequent
figures, the curves show the analytic results and the
points are simulation results. Despite the fact that X
chromosomes have a smaller effective population size
than autosomes, the expected time to coalescence for a
pair of genes sampled from the X is actually greater than
that of autosomes (when p? # 0). Thatis because if one
of these genes recombines onto a'Y, coalescence cannot
occur until a second recombination event either brings
that gene back onto an X or brings the other gene from
its X onto a Y. This additional time more than compen-
sates for the reduction in the effective population size of
X chromosomes and in fact becomes stronger with
smaller values of p:'. Likewise, for pairs of genes
sampled from Y chromosomes, the expected coales-
cence times for small recombination rates are sub-
stantially >1, the value for Y chromosomes with no
recombination.

These results are validated by considering the
weighted average of the coalescence times for pairs of
genes on the X and pairs on the Y, where the weights are
the frequencies of X and Y among all sex chromosomes:
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(3txx/4) + (tyy/4). From Equation 1, we find that this
weighted average is unity. That result follows from a
general invariance principle of coalescence in struc-
tured populations (STROBECK 1987; CHARLESWORTH
et al. 2003). Our models are mathematically equivalent
to coalescent models of migration in which there
are two demes represented by X and Y chromosomes,
and movement between the demes is caused by
recombination.

When one gene is sampled from an X and the other
from a Y, expected coalescence times become very large
near the SDR. In this case, the only pathways to co-
alescence require at least one recombination event.
Since those events are rare when p¥ is small, expected
times to coalescence are large.

As we move far from the SDR (p'} > 5, say), times for
all three kinds of samples become close to the expected
coalescence time of 1 for autosomes under the SNM.
This might at first seem surprising, since (for example)
a gene on a Y cannot coalesce with a gene on an X
regardless of recombination rates. The explanation is
that a pair of genes carried on X chromosomes coalesce
at% the rate of autosomal genes because their effective
population size is smaller. Likewise, a pair of genes both
on Y chromosomes coalesce at a rate four times the
autosomal. These accelerated rates exactly compensate
for the increased times that result because X and Y genes
cannot coalesce.

Next we turn to patterns of linkage disequilibrium.
One statistic that is useful to describe linkage disequi-
librium is R?, the square of the correlation coefficient
between the allelic states. MCVEAN (2002), building on
results by Hubson (1985), showed how an approxima-
tion for the expected value of that quantity can be
derived using coalescent methods. In our case, we are
interested in the correlation between pairs of positions
rather than sites since (for example) the correlation
between alleles at sites ¢ and j sampled from X
chromosomes will generally be different from when
they are sampled from Y chromosomes.

Consider two sites i and j at sites that lie on the same
side of the SDR; the linkage map is s—i—j. Recombination
in females now enters the model because it can
dissociate a gene at site ¢ from a gene at site jwhen they
are both carried on an X chromosome. The recombi-
nation rate between the SDR and site ¢in males is written
p.}, and the rate between iand jin females is written pfj,
etc. We denote the expected value of the squared
correlation between them as Rﬁ APPENDIX B shows
how the approximation for Rﬁ is calculated using the
method of McVEAN (2002, 2007) adapted to sex link-
age. The model now includes four positions: ix, &; jx,
and j. Proceeding backward from a sample of two
chromosomes, the system can assume 20 states in which
neither site has coalesced, 20 states in which one but not
the other site has coalesced, and 6 absorbing states in
which both sites have coalesced. Because of the large
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Fi6ure 3.—The expected value for the squared correlation
of allelic states between pairs of neutral sites under the stan-
dard neutral model. The two sites are separated by p. = 0.1.
The horizontal axis is the distance p! between the SDR and
the nearer of the two sites. For each pair of curves, the bottom
curve is for equal recombination rates in males and females
(pg.‘ =0.1), and the top curve is for reduced recombination
in males (pj =0.01). The curves are the analytic results
and the points are simulation results based on 107 runs each.
The dashed line shows the expectation for autosomes from
the approximation of McVeaN (2002).

number of states, it is not possible to get simple
expressions for Ri? even under the standard neutral
model. Our calculations were done analytically (with
Mathematica), but the results are so large that we are able
to present them only when evaluated numerically.

Figure 3 shows the expected value of Rj at different
distances from the SDR. The recombination rate in
females between the two neutral sites is fixed at
pfi = 0.1. The horizontal axis is the recombination rate
in males between the SDR and the nearer of the two
sites. Two cases are shown: when recombination rates
are equal in males and females (p}! = 0.1) and when the
recombination rate in males is 10 times smaller
(pj =0.01). In both cases, linkage disequilibrium
between sites is highest near the SDR and converges
toward the autosomal value for pairs of sites that are far
from the SDR. The correlation between sites sampled
from pairs of Y chromosomes is larger than that from
pairs of X chromosomes. This agrees with intuition,
since Y chromosomes have a smaller effective popula-
tion size and therefore are expected to build up more
linkage disequilibrium by drift. Decreasing the recom-
bination rate in males elevates the disequilibria ex-
pected between sites that are very close (pg.‘ <1) to the
SDR.

A balanced Y polymorphism: Our next model is
inspired by species of fish in which there several male
morphs whose phenotypes are determined by the Y
chromosome. Here we assume some form of balancing
selection maintains two types of Y chromosomes, Y; and
Yo, at stable frequencies in the population. (The model
is easily extended to any number of Y chromosome
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types.) We assume this polymorphism is much older
than 2N generations.

We now have six classes of expected coalescence
times, corresponding to samples from different pairs
of sex chromosomes, e.g., (X, X), (X,Y)), (X,Ys), etc. To
calculate coalescence times using the method described
in APPENDIX A, we need the backward transition rates
between six transient states and three absorbing states.
These rates are found by modifying the formulas of
KarLAN et al. (1988) and HupsoN and Karran (1988)
for autosomal sites linked to selected loci. Transitions
from transient states to absorbing states result from
coalescence. A coalescent event can occur only if two
genes share the same position. If they do, they coalesce
atarate 1/p,, where k=X, Y, Ys is the state of the SDR.
Transitions between transient states result from recom-
bination. The nonzero forward recombination rates
relevant to this model are

. . 1 m
Prlix —iy,| = 3 N (4pv,)s

Priiy, =] = 7.

The factor of (4py,) in the first transition rate is the
probability that a gene that recombined from an X onto
a Y will become linked to a Y, chromosome (i =1, 2).
[Recall that py, is the frequency of all sex chromosomes
(both X and Y) that are Y;.] The backward transition
rates are calculated using these forward transition
probabilities. Let i; be the position occupied by the
gene that changes state before the transition and iy its
position afterward (in the backward sense). Then

Psy = nsP, i, @) (2)

Here ng (=1, 2) is the number of genes in state S that
could change positions in the transition from state S to
state U. P, _;, is the forward rate of transition from is to
i;, and p, is the frequency of chromosomes with the
context of i, The notation becomes clearer with an
example:

L (e Px
Piiix i)~ (i div, )} = 2 L)) (4> (417%)} (m)

On the right, the first term is ng = 2, whose value follows
because there are two genes eligible to make the
transition from ix to #,. The term in square brackets
is the forward transition rate from #x to #, (thatis, the
forward recombination rate 7}') rescaled to the back-
ward recombination rate p};. The final term is the ratio
of frequencies of the contexts that the gene changes
between. We calculated the expected coalescence times
for the six types of samples (two genes sampled from X
chromosomes, one gene from an X and the other from
a Y;, etc.) using these transition probabilities and
Equation A5 from APPENDIX A. The results are pre-
sented in APPENDIX C.
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Ficure 4.—Expected coalescence times for neutral sites
when two types of Y chromosomes are maintained by balanc-
ing selection. The frequencies of Y; and Yo among all Y chro-
mosomes are 0.75 and 0.25. The curves are, starting at the top
and descending at the left, for samples from Y; /Yy, X/Yo, X/
Y., Y./Y, X/X,Y1/Y, and Yo/Ys (where Y./Y. denotes the av-
erage of randomly sampled Y chromosomes). The dashed line
shows the expectation for autosomal sites. The curves are the
analytic results and the points are from simulations.

Figure 4 shows an example in which Y; makes up
three-fourths of all Y chromosomes. The largest ex-
pected coalescence times are for the case in which one
gene is sampled from a Y; chromosome and the other
from a Yo chromosome. Here, at least two recombina-
tion events must occur before the two genes can be
carried on the same kind of sex chromosome (thatis, in
the same context) and so can coalesce. Because two
recombination events are needed, longer coalescence
times result. The smallest coalescence times occur when
two genes are sampled from Yy chromosomes. In this
event, no recombination is needed, and coalescence
happens quickly because Yo chromosomes have an
effective population size of only N/8 in this example.

Now we ask about ty.y., the expected coalescence time
when genes are sampled from random Y chromosomes.
This quantity is of interest because in practice we may
not know if multiple types of Y chromosomes are pres-
ent in a population and want to test for that situation
using patterns of neutral variation. This average time
is calculated in APPENDIX C (Equation C4) and shown
in Figure 4. This time becomes large for sites sub-
stantially closer to the SDR than p} = 1. For example,
when p¥ = 0.1 and the frequency of the rare Y, allele
makes up 25% of all Y chromosomes, the expected time
for genes sampled from random Y chromosomes is 9.2
times greater than under the standard neutral model.
This suggests that levels of neutral polymorphism
among Y chromosomes near to the SDR could be used
to test for balancing selection acting on variants within
the SDR.

Invasion of a neo-Y: In this section we consider the
recent invasion of a new Y chromosome at a pair of
ancestral autosomes. The neo-Y invaded at time ¢* in the
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past. To simplify the model, we assume the invasion was
so rapid that it appears instantaneous on the timescales
of coalescence and recombination that we are consid-
ering. While our model makes no assumption about the
form of selection responsible for the invasion, we can
think of its speed in terms of an “effective selection
coefficient”, s, representing the selective advantage that
the new Y had if it spread by simple genic selection. Our
assumption of a strong selective sweep then assumes
that s>1/2N, p™ /4N. The second condition ensures
that there is a negligible chance of a recombination
event happening during the invasion.

There are three situations in which coalescence
occurs in this model. First, proceeding from the present
to the past, coalescence can happen before the invasion
(that is, between the present and time ¢*). In that case,
the process follows the standard neutral model de-
veloped above. Second, if coalescence has not hap-
pened at before ¢* and if both genes are carried by Y
chromosomes, then they coalesce at ¢*. Third, if neither
of those eventualities hold, then both genes become
carried by autosomes at *, and they then coalesce
following the SNM for autosomes. To account for those
possibilities, we write f;5(?) for the probability that the
system is in state Uat time ¢, given that the system was in
state Sat time 0. Then the expected coalescence time for
a system initially in state S1is

1*

= J tcs (¢)dt + *fiiy.ivy | s(1%)
0

+ (1= (%) = Sy s(5)] (5 +T000) . ()

The three terms on the right side of (3) correspond
to the three situations. The first term accounts for
coalescent events occurring between the present and #*.
Here c¢4(f) is the probability that coalescence has
occurred before time ¢,

es(t) = Sy s(6) + frivy1s(0), (4)

where {ix} and ({iy} represent, respectively, the two
absorbing states in which the genes have coalesced on
X chromosomes and on Y chromosomes. The derivative
¢5(!) appearing inside the integral gives the rate of
coalescence at time ¢ The second term on the right of
(3) corresponds to coalescence that is forced to happen
if both genes are carried by Y chromosomes when the
invasion occurs at £*. The last term in (3) corresponds to
genes that coalesced farther back in the past than the
invasion. Appearing in that term is 7;, ;,;, the expected
coalescence time for a pair of autosomal genes under
the SNM; its value is unity.

We now need to calculate fy5(7). Let fg(#) be the
vector of probabilities that the system is in the tran-
sient states {{ix}, {ix}}, {{ix}, {iv}}, and {{iy}, {iy}} at time ¢
given an initial state S. The theory of continuous-time
Markov chains (Ross 1989, Chap. 6) and ordinary differ-

ential equations (Boycte and Diprima 2003, Chap. 7)
gives us

fs(t) = Z kieexp{\;t}, (5)

where e; and \; are the ith eigenvector and eigenvalue
(respectively) of the matrix M of transition rates be-
tween the transient states, and the k; are constants
determined by the initial state of the system at = 0. The
elements of the transition rate matrix are

PS7HS, fOI‘i;éj7

where S;is a transient state and A; is an absorbing state.
Equations 5 and 6 give us the probabilities that the
system is in the transient states at any point in the past.
Given those, we can calculate the probabilities that the
system is an absorbing state A at time &

ﬁx\s(t):ZJ Joys(£)Py—adt'. (7)
U J0

The summation in (7) is over all the transient states of
the system. The quantity inside the integral represents
the flow of probability from transient state U to
absorbing state A, which is integrated over the relevant
time period.

Substituting results from Equations 4-7 into (3) then
gives the expected coalescence times. We again calcu-
lated these analytically using Mathematica. Again, be-
cause of their size we present results here only for
particular cases evaluated numerically.

One way to view the results is to ask how expected
coalescence times at a particular point on the chromo-
some depend on the age of the invasion. Figure 5 shows
the situation for a neutral site that is closely linked to the
SDR at pI! = 1. As expected, for recent invasions the
coalescence times for pairs of genes sampled from Y
chromosomes are very small. For invasions that are
=2N generations old, these times are close to those
under the SNM. The sweep has the least effect on the
expected coalescence times for pairs of genes sampled
from X chromosomes. The most enduring imprint of
the sweep is seen on coalescence times between a gene
sampled from the X and one sampled from the Y. In this
case, Ixy goes to 1 as ¢* goes to 0. That follows because,
going backward in time, both genes are converted to
autosomal carriers (whose expected coalescence time
is unity) at the time of the invasion. The curve for
coalescence times increases from ¢* = 0 with a slope of
1. That follows because, in the absence of recombina-
tion, the genes cannot coalesce so long as they are on
different sex chromosomes. That constraint is lifted at
t* when the carriers are converted to autosomes. The
expected coalescent time does not approach its equi-
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Ficure 5.—Expected coalescence times as a function of the
age of the invasion of a neo-Y at a site p;} = 1 from the SDR.
The curves are the analytic results and the points are from
simulations.

librium until ¢* is substantially >1. This fact may be
useful for dating the origin of older neo-Y’s.

For sites that are less tightly linked than pi? = 1, the
picture differs in two ways from Figure 5. The key
features are that equilibrium values are approached
more rapidly following the sweep and that the equilibria
lie closer to the SNM for autosomes.

A second way to visualize the effects of the invasion of
a neoY is to fix the age of sweep, ¥, and look at how
expected coalescence times change as we move along the
chromosome. Figure 6 (top) shows the situation for a
recent sweep at {* = 0.1. Comparing this to Figure 2 shows
that the biggest effects of the sweep are the reduced values
of txy for chromosome regions near the SDR (p¥ is not
much bigger than 1). As the age of the sweep grows, the
region of the chromosome that departs substantially
from the SNM shrinks to a region close to the SDR. We
see that effect in Figure 6 (bottom), which shows the
situation for an older sweep at ¢* = 5. By this time,
coalescence times are very close to those for the standard
neutral model at sites farther than p; = 1 from the SDR
(compare with Figure 2).

Invasion of a neo-Y will also alter the pattern of
linkage disequilibrium between neutral sites. We stud-
ied R?in this situation by simulation. Figure 7 shows the
results for pairs of sites at different distances from
the SDR. Immediately following the invasion and near
the SDR, R”is decreased relative to its equilibrium value.
For pairs of sites sampled from X chromosomes, the
expected value of R* is equal to its autosomal value
immediately following invasion of a neo-Y. For pairs of
sites sampled from Y chromosomes, the expected value
of R*goes to 0 at t* = 0. For both X and Y chromosomes,
R?approaches its equilibrium value by ¢* = 10 for sites at
a distance =p!! = 1 from the SDR.

DISCUSSION

Sex chromosomes that recombine along much of
their lengths are widely distributed among animals,
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F1cure 6.—Expected coalescence times as a function of the
distance between the SDR and the neutral site following inva-
sion of a neo-Y. (Top) A recent invasion at ¥ = 0.1. (Bottom)
An older invasion at * = 5. The curves are the analytic results
and the points are from simulations.

plants, and fungi. Some of these systems are young and
have arisen in two different ways. Sex chromosomes in
several families of plants (including campion, papaya,
and poplar) evolved recently from hermaphroditic
ancestors (CHARLESWORTH and GUuTTMAN 1999; MING
and MoogrE 2007). A second way that new sex chromo-
somes originate is found in several groups of animals,
where the sex-determining region has moved between
linkage groups, recruiting autosomes into the role of
sex chromosomes [e.g., in fishes such as sticklebacks
(PEICHEL et al. 2004), cichlids (CNAANTI et al. 2008), and
medakas (TAKEHANA et al. 2008) ]. Ancient recombining
sex chromosome are also known, for example, in boid
snakes (OHNO 1967) and ratite birds (JANES et al. 2009).
Thus the evolution of heteromorphic X and Y chromo-
somes, and the concomitant loss of recombination
between them, does not occur in some taxa. The reasons
why recombining sex chromosomes are retained in
some groups but not others are not well understood.
Whatever their origins and ages, recombining sex
chromosomes offer the possibility of making inferences
using data on DNA polymorphism that are not possible
when in systems with suppressed recombination. The
models in this article suggest some of the ways by which
this polymorphism is influenced by selection and histor-
ical processes. Analyzing patterns in these polymorphisms
could provide a new tool for studying a wide range of
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FIGURE 7.—The squared correlation of allelic states at two
neutral sites following the invasion of a neo-Y at different
times in the past. Results marked SNM are for the standard
neutral model (no invasion). The horizontal axis (with a log-
arithmic scale) is the recombination distance between the
SDR and the nearer of the two sites. Other parameters are
as in Figure 3, with recombination rates equal in males and
females. Simulation results (points) are connected by lines;
no analytic results are shown.

important evolutionary phenomena associated with sex
chromosomes. These include speciation (COYNE and ORR
2004; PRESGRAVES 2008), sex-antagonistic selection (RICE
1987; vaAN DoOORN and KirkPATRICK 2007), the evolution
of recombination (BERGERO and CHARLESWORTH 2008),
and meiotic drive (PRESGRAVES 2008).

The goal of this article is to generate expectations for
patterns of neutral DNA polymorphism under some
simple evolutionary scenarios. The first case we con-
sidered is X and Y chromosomes evolving under the
standard neutral model, that is, in the absence of
selection and demographic disturbances. Close to the
SDR, expected coalescence times are shorter on Y
chromosomes and longer on X chromosomes than for
autosomal sites. These differences are not large, how-
ever. As the recombination rate between a neutral site
and the SDR approaches 0, the expected coalescence
time for a pair of genes sampled from the X is nine-
eighths that of autosomes, and for a pair sampled from
the Y it is five-eighths. Coalescence times are greater
when one gene is sampled from an X and the other
from a Y at sites very close to the SDR. For example,
with p¥! =1, the expected time is 3.6 times longer
than for a pair of genes sampled from Y chromosomes.

As we might expect intuitively, expected coalescence
times converge to their autosomal values at genetic
distances > p¥ = 1.

The second case considered here is when balancing
selection maintains two types of Y chromosomes in the
population. This type of selection decreases the ex-
pected coalescence time between genes sampled from
the same type of Y chromosome. On the other hand, it
inflates the expected coalescence times between genes
sampled from different types of Y chromosome and
between genes randomly sampled from Y chromo-
somes. These qualitative patterns follow what is seen
for sites linked to loci under balancing selection on
autosomes (Hupson and KaprLan 1988). This suggests
that neutral genetic variation could be used to detect
balancing selection that maintains multiple types of Y
alleles at the sex-determining region.

The third case we modeled is that of a neo-Y chromo-
some that recently invaded a pair of autosomes, convert-
ing that linkage group into the sex chromosomes. The
qualitative patterns seen in our results are similar to those
seen following a selective sweep at an autosomal locus
(MAYNARD SMITH and HA1GH 1974; KAPLAN et al. 1989;
Kim and STEPHAN 2002; PrzEwORSKI 2002; McVEAN
2007; PFAFFELHUBER ¢! al. 2008). Immediately following
the invasion, coalescence times for pairs of genes
sampled from Y chromosomes are substantially reduced
at sites close to the SDR (p™ < 5, say). By 2N generations
after the invasion, times approach those of the standard
neutral model for all but sites very closely linked to the
SDR (p™ <1, say). Coalescence times return to their
equilibrium values more slowly, however, when one gene
issampled from an X and one from aY. That fact could be
used to date the invasion of older neo-Y chromosomes.
The correlations in coalescence times between pairs of
neutral sites are also depressed in the neighborhood of
the SDR by invasion of aneo-Y. The effectis stronger on’Y
than on X chromosomes and again is most evident for
moderately recent invasions (£ < 2) at sites closely
linked to the SDR (p™ <1). Thus patterns of linkage
disequilibria contain information about the age of a neo-
Y that extends what can be gleaned from patterns of
diversity at single sites.

These observations suggest that patterns of divergence
between X and Y chromosomes, and disequilibria within
X and within Y chromosomes, can be used to date when a
neo-Y was established. A second possible application of
these models is to test hypotheses about polymorphic
sex determination systems. For example, cichlid fish in
the genus Oreochromis (which includes the tilapia) have
two linkage groups that contribute to sex determination,
one that functions as an X/Y system and the other as
Z/W (CNAANTI et al. 2008). Other species that have sex-
determining loci on more than one linkage group
include the house fly (Tomita and Wapa 1989), the
platyfish (KarLmaN 1965), and the frog Rana rugosa
(OGATA et al. 2003). These systems might be at stable
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equilibria, or alternatively one sex determination system
may be replacing another. Those possibilities might be
distinguished by testing patterns of variation on the sex
chromosomes against models such as ours.

Our results suggest that much of the information
about the history and ongoing selection of the sex-
determining region to be found in neutral genetic
variation is in sites that are closely linked to the SDR
(p¥ not much greater than 1). For most of the genome
of many organisms, that would imply a relatively small
amount of DNA with which to work. That constraint
could be offset, however, if regions of sex chromosomes
close to the SDR show reduced recombination per DNA
base. Even limited recombination may protect these
regions flanking the SDR from the rapid accumulation
of rearrangements and repetitive sequences often seen
within the nonrecombining regions of Y chromosomes
(CHARLESWORTH et al. 2005). If so, these flanking
regions may be a fruitful focus for empirical research.

Throughout we have presented results for the X and Y
chromosomes separately. Many sequencing approaches
can getsequence alleles on X chromosomes from females,
but are not able to distinguish alleles on X and Y chro-
mosomes sampled from males. Expectations for those
admixtures can be found by averaging our results for the X
and Y. Advancing technologies, however, may soon be able
to deliver many phased sequences from the X and Y, which
would make admixed data obsolete.

Exactly how will coalescent models be used to test
these and other questions using molecular data? We
have developed results only for expected coalescence
times at single sites and the expected correlation
between pairs of sites. These are useful for suggesting
the chromosomal regions and types of comparisons that
may provide useful data. Our results fall far short,
however, of providing the full sampling distribution
that could be used as the foundation of hypothesis
testing using a likelihood framework. It seems unlikely
that it will be possible to develop those results even
under simple biological hypotheses because of algebraic
complexities. A more promising approach may be
analyses based on summary statistics from the data.
Approaches such as approximate Bayesian computation
(BEAUMONT et al. 2002; MARJORAM et al. 2003) using
summary statistics suggested by these analytic models
may be a powerful way to test hypotheses about the
evolution of recombining sex chromosomes. The mod-
els developed here cover but a fraction of the diverse sex
determination mechanisms known in animals and
plants (BuLL 1983). The basic approach used here can
be extended to those systems to gain understanding
about evolutionary transitions between them.
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helpful comments on the manuscript and to Katie Peichel and Monty
Slatkin for discussions. This work was supported by National Science
Foundation grant DEB-0819901 and the Miller Institute for Basic
Research in Science.

LITERATURE CITED

BeauMONT, M. A., W. ZHANG and D. ]J. BALDING, 2002 Approximate
Bayesian computation in population genetics. Genetics 162:
2025-2035.

BERGERO, R., and D. CHARLESWORTH, 2008 The evolution of re-
stricted recombination in sex chromosomes. Trends Ecol. Evol.
24: 94-102.

BErNASCONI, G., J. ANTONOVICS, A. BIERE, D. CHARLESWORTH, L. F.
DeLpH et al., 2009  Silene as a model system in ecology and evo-
lution. Heredity 103: 5-14.

Bovce, W. E., and R. C. DiPriMA, 2008 Elementary Differential Equa-
tions and Boundary Value Problems, Ed. 7. John Wiley & Sons, New
York.

Buiy, J. J., 1983 The Evolution of Sex Determining Mechanisms. Benja-
min/Cummings, Reading, MA.

CHARLESWORTH, B., D. CHARLESWORTH and N. BArTON, 2003 The
effects of genetic and geographic structure on neutral variation.
Annu. Rev. Ecol. Evol. Syst. 34: 99-125.

CHARLESWORTH, B., D. CHARLESWORTH and G. MARal1s, 2005  Steps
in the evolution of heteromorphic sex chromosomes. Heredity
95: 118-128.

CHARLESWORTH, D., and D. GurTtMAN, 1999 The evolution of di-
oecy and plant sex chromosome systems, pp. 25—49 in Sex Deter-
mination in Plants, edited by C. C. AINsworTH. BIOS Scientific
Publishers, Oxford.

CNaANT, A, B. Y. LEE, N. ZILBERMAN, C. Ozour-CosTtaz, G. HuLATA
et al., 2008  Genetics of sex determination in tilapiine species.
Sex. Dev. 2: 43-54.

CovnE, J. A., and H. A. ORrR, 2004  Speciation. Sinauer, Sunderland,
MA.

GrrirrITHS, R. C., and P. MARJORAM, 1996 Ancestral inference from
samples of DNA sequences with recombination. J. Comp. Biol. 3:
479-502.

HEIN, J., M. H. ScHIERUP and C. WIUF, 2005 Gene Genealogies, Varia-
tion and Evolution: A Primer in Coalescent Theory. Oxford University
Press, Oxford.

Hupson, R. R., 1985 The coalescent process in models with selec-
tion and recombination. Genetics 120: 831-840.

Hupbson, R. R., and N. L. KarraN, 1988 The coalescent process
in models with selection and recombination. Genetics 120:
831-840.

Jangs, D. E., T. Ezaz, J. A. MARSHALL GRAVES and S. V. EDWARDS,
2009 Recombination and nucleotide diversity in the sex chro-
mosomal pseudoautosomal region of the emu, Dromaius novaehol-
landiae. J. Hered. 100: 125-136.

Kareman, K. D., 1965 Genetics and geography of sex determina-
tion in the poeciliid fish, Xiphophorus maculatus. Zoologica 50:
151-190.

Karran, N. L., T. DArRDEN and R. R. HubpsoN, 1988 The coalescent
process in models with selection. Genetics 120: 819-829.

Karran, N. L., R. R. HupsoN and C. H. LANGLEY, 1989 The “hitch-
hiking effect” revisited. Genetics 123: 887-899.

KiMm, Y., and W. STEPHAN, 2002  Detecting a local signature of genetic
hitchhiking along a recombining chromosome. Genetics 160:
765-771.

KitaNo, J., J. A. Ross, S. Mor1, M. Kumg, F. C. JoNEs et al., 2009 A
role for a neo-sex chromosome in stickleback speciation. Nature
461: 1079-1083.

LinpHOLM, A., and F. BREDEN, 2002 Sex chromosomes and sexual
selection in poeciliid fishes. Am. Nat. 160: S214-5224.

MAaNK, J. E., D. E. L. PromisLow and J. C. Avisg, 2006 Evolution of
alternative sex-determining mechanisms in teleost fishes. Biol. J.
Linn. Soc. 87: 83-93.

MAaRJORAM, P., J. MOLITOR, V. PLAGNOL and S. TAVARE, 2003 Markov
chain Monte Carlo without likelihoods. Proc. Natl. Acad. Sci USA
100: 15324-15328.

MAYNARD SMITH, J., and J. HA1GH, 1974 The hitchhiking effect of a
favorable gene. Genet. Res. 23: 23-35.

MCcALLISTER, B. F., S. L. SHEELEY, P. A. MENA, A. L. Evans and C.
SCHLOTTERER, 2008 Clinal distribution of a chromosomal re-
arrangement: A precursor to chromosomal speciation? Evolution
62: 1852-1865.

McVEAN, G., 2002 A genealogical interpretation of linkage disequi-
librium. Genetics 162: 987-991.



1150 M. Kirkpatrick, R. F. Guerrero and S. V. Scarpino

McVEAN, G., 2007 The structure of linkage disequilibrium around a
selective sweep. Genetics 175: 1395-1406.

MING, R., and P. H. Moorg, 2007 Genomics of sex chromosomes.
Curr. Opin. Plant Biol. 10: 123-130.

OcAaTA, M., H. Om#ntanNi, T. IcarasHr and Y. HASEGAwA,
2003 Change of the heterogametic sex from male to female
in the frog. Genetics 164: 613-620.

OuNo, S., 1967 Sex Chromosomes and Sex-Linked Genes. Springer-
Verlag, Berlin.

PricHEL, C. L., J. A. Ross, C. K. MATSON, M. DICKSON, J. GRIMWOOD
et al., 2004 The master sex-determination locus in threespine
sticklebacks is on a nascent Y chromosome. Curr. Biol. 14:
1416-1424.

PFAFFELHUBER, P., A. LEHNERT and W. STEPHAN, 2008 Linkage dis-
equilibrium under genetic hitchhiking in finite populations.
Genetics 179: 527-537.

PrEsGravVES, D. C., 2008 Sex chromosomes and speciation in Dro-
sophila. Trends Genet. 24: 336-343.

Przeworski, M., 2002 The signature of positive selection at ran-
domly chosen loci. Genetics 160: 1179-1189.

PrOwELL, D. P, 1998  Sex linkage and speciation in Lepidoptera, pp.
309-319 in Endless Forms: Species and Speciation, edited by D. J.
Howarp and S. H. BErLOCHER. Oxford University Press, New
York.

Rice, W. R., 1987 The accumulation of sexually antagonistic genes
as a selective agent promoting the evolution of reduced recom-
bination between primitive sex chromosomes. Evolution 41: 911-
914.

Ross, S. R., 1989  Introduction to Probability Models, Ed. 4. Academic
Press, Boston.

SAETRE, S. A., G. P. SAETRE, T. BorRGE, C. WILEY, N. SVEDIN e/ al.,
2007 Sex chromosome-linked species recognition and evolu-
tion of reproductive isolation in flycatchers. Science 318: 95-97.

ScorTl, 1., and L. F. DELPH, 2006 Selective trade-offs and sex chro-
mosome evolution in Silene latifolia. Evolution 60: 1793-1800.

SER,J.R.,R. B. RopErTS and T. D. KocHER, 2010 Multipleinteracting
loci control sex determination in Lake Malawi cichlid fish. Evolu-
tion 64: 486-501.

STROBECK, C., 1987 Average number of nucleotide differences in a
sample from a single subdivided population: a test for population
subdivision. Genetics 117: 149-153.

TAKEHANA, Y., S. HAMAGUcHI and M. Saka1rzumi, 2008  Different ori-
gins of ZZ/7ZW sex chromosomes in closely related medaka
fishes, Oryzias javanicus and O. hubbsi. Chromosome Res. 16:
801-811.

Towmrta, T., and Y. Wapa, 1989 Multifactorial sex determination in
natural populations of the house fly (Musca domestica) in Japan.
Jpn. J. Genet. 64: 373-382.

TripaTHI, N., M. HoFrmAN, D. WEIGEL and C. DREYER, 2009  Linkage
analysis reveals independent origin of Poeciliid sex chromosomes
and a case of atypical sex inheritance in the guppy (Poecilia reticu-
lata). Genetics 182: 365-374.

VAN DOORN, G. S., and M. KirRkPATRICK, 2007 Turnover of sexual
chromosomes induced by sexual conflict. Nature 449: 909-912.

WAKELEY, J., 2009  Coalescent Theory: An Introduction. Roberts & Co.,
Greenwood Village, CO.

WoLFRAM RESEARCH, 2008 Mathematica, version 7.0. Wolfram Re-
search, Champaign, IL.

Communicating editor: M. K. UYENOYAMA

APPENDIX A: EXPECTED COALESCENCE TIMES FOR SINGLE POSITIONS

This appendix summarizes the calculations used to find expected coalescence times. All these results were
developed previously by KAPLAN et al. (1988) and HubpsoN and KaprLaN (1988). We include them here to make clear

how they apply using the notation of this article.

For a system that starts in transient state S, we write the time back to the most recent common ancestor of the genes at

site ias Tjs Its value is

Ty s =Hs+ ZQSHUTMU- (A1)
U

Here Hyis the holding time in transient state S, that is, the waiting time until the system exits that state. Qs_, s is the
jump probability from state Sto state U, thatis, the probability that when the process leaves S (in the backward sense) it
goes to U. The summation is over all states U, both transient and absorbing.

Taking expectations of (Al) gives the expected value of the coalescence time,

Tijs=Hs + ZQS—»UTuw (A2)
U

where overbars denote expectations. The expected holding times and jump probabilities can be written in terms of the
transition rates between states of the system,

Hg = 1/2 Ps_ v, (A3)
U

Ps .y
>oyPs—v

where Ps_, ;; is the (backward) transition rate from state S to state U. We define Ps_, s = 0.

To solve for the expected coalescence times, we first order the transient states in some arbitrary way. Using this
ordering, denote the vector of expected coalescent times as t, the matrix of conditional jump probabilities as Q, and
the vector of expected holding times as h. Then writing the system of Equation A2 in matrix notation, simple algebra
gives the solution for the expected coalescent times as

Os-u = = HsPs .y, (A4)
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t=(I1-Q)'h (A5)

We evaluated this equation for the different models described in the text by specifying the appropriate transition rates
P u.

APPENDIX B: LINKAGE DISEQUILIBRIA BETWEEN PAIRS OF POSITIONS

This appendix gives results for linkage disequilibrium at pairs of neutral sites that are sex linked. Our approach
follows MCVEAN (2002; see also WAKELEY 2009, pp. 236-241). We need to distinguish between the different positions
at the sites, since, for example, the association between sites ¢ and j sampled from X chromosomes will generally be
different from the association between those sites sampled from Y chromosomes. This requires that we make minor
extensions to previous results derived for autosomal inheritance. The notation used here is defined in the body of the
article and APPENDIX A.

Here we calculate the expected value of RZ, the square of the correlation of coalescent times at positions iand j. That
quantity gives a good approximation to the square of the correlation of the allelic states at those sites if their allele
frequencies lie between 0.1 and 0.9 (Hupson 1985). In that case, we have

Cov[Tis, Tjs,] — 2Cov[Tis,, Tiys,] + Cov|[Tijs,, T35,
E[Ti\Sl]E[Yhsl]+COV[Ti|Sz’73\SS] 7

B[R} =

ij (B1)

where
S = {{iaj}7 {ivj}}a Sy = {{ivj}’ {i}’ {]}}7 S5 = {{i}7 {i}7 {J}a {J}}

(McVEAN 2002, Equation 9). The first covariance in the numerator pertains to coalescent times between genes at two
positions i and j that are carried on just two chromosomes. The second covariance in the numerator involves
coalescence times when three chromosomes are involved. One of them carries a gene at both positions i and j, another
carries a gene only at i, and the third carrier only at j. The final covariance in the numerator pertains to the situation in
which each of the four genes is carried on a different chromosome.

The next step is to find expressions for these covariances. From the definition of a covariance we have

Cov[Ti|s, Ts| = TTys — Ti|sTjys, (B2)

where TTys = E[T;sTjs]. The last two terms on the right side of (B2) are expected coalescent times for pairs of genes
at a single position, which are derived in APPENDIX A (Equation Ab). The first quantity on the right is the expectation
for a product of coalescent times. Results for these have been derived previously (reviewed by McVEAN 2002). Here we
follow those derivations with our notation to show how results for sex chromosomes are obtained.

We use Equation Al to write

Ti|s73|S=ZQS'—»U(Hs+Ti\U)(HS+7}\[])~ (B3)
U
Taking the expectation of (B3) gives

TTy s = ZQSHU H{) + E[Hs Ty y] + E[Hs Ty v] + E[T3 0 T} 0])

—2H§+HSZQS'—>U(71|U+TJ'\U)+ ZQ}—»UﬁiﬂU (B4)
U U

(see WARELEY 2009, Equation 7.27). Here we have used two facts. First, E[ HyT; ] = E[Hs] E[ T, 1], which follows from
the Markovian nature of the system. Second, E[HZ]| = 2Hg, which follows from the properties of the exponential
distribution. We have already solved for three kinds of terms appearing in the last line of (B4): H via (A3), Qs_. ¢ via
(A4), and Ty via (AD).

Equation B4 represents a linear system of equations in the unknown ﬁiﬂ s. To solve for them, we form the vector tt
whose elements are T'Ty;y for the states Uin which neither of the two sites has yet coalesced. The ordering of the states
in this vector is arbitrary, but must be consistent with the other vectors and matrices that we will define shortly. The
dimension of tt (thatis, the number of states in which neither site has coalesced) is denoted ny. Equation B4 can then
be written in matrix form as
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tt = 2Hh+H(Q, |Q,)(t; + f) + Q,tt. (B5)

Here h is the vector of expected holding times (also of dimension ny) and H is the diagonal matrix populated by these
holding times. The t; and t; are vectors of expected coalescence times for sites 7and j. They are of dimension (ny + n;),
where 7; is the number of states in which one but not both sites have coalesced. The first n, elements of these two
vectors follow the ordering of states defined by h, while the remaining 7, elements (corresponding to states in which
one of the two sites has coalesced) follow some arbitrary but consistent ordering. The left part of the partitioned
matrix (Q,|Q, ) is the matrix Q, with dimensions 7y X ny. Its elements are the jump probabilities between the states in
which no coalescence has occurred; the elements are again defined by (A4). The rightside of (Q,|Q, ) is the matrix Q;,
whose elements are the jump probabilities from states in which neither site has coalesced to states in which one of the
two sites has coalesced. This matrix has rows corresponding to the ordering of states defined by h and columns
corresponding to the ordering of states in t; and t;, and it has dimensions ny X n,.
A simple bit of matrix algebra then gives a closed-form result for the expectations we need:

tt=(I-Q)) 'H[zh+(Q,[Q))(t: + ). (B6)

This gives us expressions for the T Tjs. By substituting these and those from Equation A5 into (B2) and then those
results into (B1), we arrive at the approximation for £ [RUQ], the expected value for the squared correlation between
allelic states at positions iand j. We evaluated this equation for the different models studied in the body of the article by
specifying the appropriate transition rates Ps_, .

We complemented these analytic calculations with coalescent simulations. The simulation results were used to
calculate the approximation for E[R}] given by Equation B1.

APPENDIX C: EXPECTED COALESCENCE TIMES FOR A BALANCED Y POLYMORPHISM

This appendix gives the expected coalescence times when two types of Y chromosomes are maintained at a stable
equilibrium by balancing selection. We use p to denote the frequency of Y; and ¢ for the frequency of Yo among all Y
chromosomes. Four of the six expected coalescence times for this case are

98(9 + 2p,,) + pq(80 + 23p,, + 14p2)
224 + 56p,,, + pg(14p, +2)p,

Txx = (C1)

S _496—-160p+ (872 — 26p — 38p?)p,, + (56 + 37pq)p? + 14pgp°, (©2)
e 224p,, + 2(28 + pg)ey, + 14pgpy, ’

= _p(5+2pm)<36+7pm _[)<8+7Pm))
tY]Y] - b (CS)
224 + 56p,, + pg(14py, + 2)py,

oy, = q(5 +2p,,)(28 + p(8 + 7p,y))
T 224 4+ 2(28 + py)p,, + 14pgp

(C4)

There are two remaining times. The value for #xy, is found by interchanging p and ¢in the expression above for xy,,
and the value of Zx,y, is found by doing the same with the expression for #x,v,.

These results can be checked using the weighted average of coalescence times for pairs of genes sampled from the
same type of chromosome, (3ixx/4) + (&y,v,p/4) + (tv,v,q/4), which equals 1. As explained in the text following
Equation 1, that follows as a special case of a general invariance principle for coalescence times in structured
populations (STROBECK 1987; CHARLESWORTH ef al. 2003).

The expected coalescence time for two genes sampled from randomly chosen Y chromosomes is found by averaging
Ty,v,s by,v,, and fy,y,, weighting them, respectively, by #%, 2p¢, and ¢. Doing that gives

—t‘_(_ (5 + 2pm)(28pm + P‘I(IQS — pm(48 — 7pm + PQ(S + 7pm))))

v 20 (112 + pn(28 + pg(1 + 7o) ' (C5)




